Abstract
Figure 1. Illustration of over-actuated MET to obtain 1-DOF angular motion (rotation about the z-axis).
The simple beam serving as the test fixture was designed to have a bending mode within the test bandwidth of interest. Clearly, one would generally avoid purposely placing a mode within the test bandwidth; however, it is commonly necessary to contend with undesirable modes that reside within the test bandwidth of interest, particularly as the excitation system increases in size. Through the use of a basic finite-element model, estimates of significant modes were predicted at approximately 320 and 500 Hz for the example being considered.
Two control strategies were considered for the experiment. The first method was a spectralbased control scheme in which the reference was defined in terms of autospectral densities (ASDs) and cross-spectral densities (CSDs) in Engineering Units (EUs) of linear acceleration. For the purpose of this discussion, the first control technique will be referred to as square control. The second control method was based on I/O transformations 2 and the reference was defined as a single ASD in EUs of angular acceleration. The second control technique will be referred to as I/O transform control.
Square Control Test Parameters
A spectral density matrix of the form shown in equation 1 is required to define the reference criteria for the square control case. Most modern vibration control systems will also accept the CSD terms in terms of relative phase and coherence.
For the system illustrated in Figure 1 , the optimal phase relationship between the two actuators would be 0 degrees and the coherence would be 1.0. Otherwise, extreme forces would be imparted on the fixture and associated couplings as well as a significant performance reduction for the motion degree of freedom desired (rotation about the z-axis for this example). Unfortunately, if the phase and coherence were set to 0 and 1.0 respectively, the spectral density matrix would be rank-deficient. 2 However, setting the phase relationship to 0 degrees and the coherence to approximately 0.95 will result in a minor difference between the reference signals and generally should be sufficient to avoid the issue of rank deficiency. The relationship between the ASD terms can be defined in terms of the input transform, 1 which is defined as the relationship between the measurement space (i.e., accelerometer outputs) and the motion space (i.e., physical motion of the platform). In reference 1, the relationship between the measurement space and physical space for the rigid body case is defined as: identify the body and point of interest, respectively, and the left superscript denotes the coordinate frame in which the vector quantity was coordinatized; e.g., P P i r in equation 2 denotes the i th point on body P (the platform) coordinatized in frame P  .
For the 1-DOF example considered in Figure 1 , two accelerometers placed incident to the actuator attachment points were employed as the control accelerometers. From equation 1, the input transformation can be established. 
For the laboratory experiment being considered, the locations of the control accelerometers are defined in EUs of inches using a Cartesian coordinate system as defined in Figure 1 
Although equation 5 for the 1-DOF example being considered is of a simple construct in which  z could be readily solved, the requirements for solving for the general case still apply.
Specifically, if I is of full column rank, then
exists, enabling motion A to be solved as follows: 
For the example being considered, the aforementioned calculation yields:
Having resolved the linear relationship between acceleration at accelerometer locations 1 and 2, it is possible to develop the relationship between reference ASDs for the square control case. Recall that the control accelerometers for this example were collocated with the actuator-tofixture interface. If no other measurement transducers were included, the undesired spectral response associated with the modes anticipated at 320 and 500 Hz would have been missed entirely, leaving the impression that any test item residing on the platform had been exposed to a pure rotational motion. Through inclusion of two additional accelerometers sensing acceleration in the y-axis at positions   15 0 0 and   23.5 0 0 , Figure 3 illustrates the effects of in-band test modes as predicted pre-test by the finite element model. Figure 3 also illustrates why great care should be taken with the assumption of rigid body motion when using linear accelerometers to predict angular motion. 
I/O Transformation Test Parameters
The reference for I/O transformation based control of the 1-DOF example being considered is simply an ASD in EUs of angular acceleration. The input transformation has already been discussed in the previous section. Specifically, using equation 5, the two linear accelerometers at positions   Having defined the structure of the input transformation and the reference ASD, the only remaining activity in preparing for the I/O transform control for the example at hand is to define the output transform. While the input transformation was based on transducer locations, the output transform will be structured on the basis of the position and orientation of the actuators. In reference 1, the output transform is represented by the P-Matrix (Plucker Matrix), 1, 3, 4 as defined in equation 9.
The variables B i u represent the Line of Action (LOA) vectors for each of the actuators and m to formulate the P matrix. As shown in reference 1, the column matrix is obtained from the skew-matrix equivalent of the vector cross-product as:
For the example at hand, the angular motion is < 10 degrees, thus,
1, 2  P P i m i
is closely approximated as: 
Next, the objective is to solve for F . Recall that I/O transform control of the problem at hand is based on a single feedback signal in EU of angular acceleration and a single reference ASD, yielding a single drive signal, D . Our mechanical system, however, consists of two actuators. As discussed in reference 1, defining  .0172 .4278 .0402
The relationship 1 2 .4278  f f is then captured in Block B of Figure 4 . Observe that the relationship between drive signals is based purely on magnitude. This implies that the actuators, including associated power supplies and instrumentation, must be matched systems. This is a weakness of the I/O transform in the form shown. The filter block within Block B is a placeholder for future research into accounting for mismatched systems. Figure 5 illustrates the results of the I/O transform-based control of the example at hand.
Figure 5. I/O transform control.
As was the case for the square control example discussed earlier, if no other measurement transducers were included, the undesired spectral response associated with the modes anticipated at 320 and 500 Hz would have been missed entirely, leaving the impression that any test item residing on the platform had been exposed to a pure rotational motion. Through inclusion of the same two additional accelerometers that were considered when discussing the square control results, Figure 6 illustrates the effects of in-band test modes as predicted pre-test by finite element model. Figure 6 also shows the linear accelerometer measurements that were used as control points for the square control case. , respectively, are not perfectly flat as they were for the square control case. This is a result of the actuators not being perfectly matched and effects of the modal characteristics of the first mode at 320 Hz. Issues with the anticipated modes are still evident and similar to that of the square control case illustrated in Figure 3 . With the exception of the spectral band in the vicinity of the undesirable mode at 320 Hz, the differences between the linear accelerometers coincident with actuators 1 and 2 are very similar in shape to the known mismatch in actuators that was estimated prior to running the I/O transform-based control. The estimate was made by controlling both actuators to a common spectra (with the platform removed) and observing the transfer function between the drive signals, as shown in Figure 7 . Note that it is not possible to eliminate the undesired in-band modes without inclusion of additional actuators or possibly by redesigning the platform. However, it is still possible, as in traditional Single-Exciter/Single-Actuator (SESA) 5 control, to limit or notch undesired response as illustrated in Figure 8 . As always, when employing limiting strategies, one should verify that limiting strategies will not compromise the integrity of the test and document the process thoroughly. Similar results were obtained when employing the same notching criteria for the square control case. electronics manufacturing and pharmaceutical processes; design, test, and evaluation of commercial and military equipment; and product reliability issues associated with commercial and military systems. IEST is an ANSI-accredited standards-developing organization. For more information about the many benefits of IEST membership, visit www.iest.org.
